Polydisperse suspensions consist of particles differing in size or density that are dispersed in a viscous fluid. During sedimentation, the different particle species segregate and create areas of different composition. Spatially one-dimensional mathematical models of this process can be expressed as strongly coupled, nonlinear systems of first-order conservation laws. The solution of this system is the vector of volume fractions of each species as a function of depth and time, which will in general be discontinuous. It is well known that this system is strictly hyperbolic provided that the Masliyah-Lockett-Bassoon (MLB) flux vector is chosen, the particles have the same density, and the hindered-settling factor (a multiplicative algebraic expression appearing in the flux vector) does not depend on the particle size but is the same for all species. It is the purpose of this paper to prove that this hyperbolicity result remains valid in a fairly general class of cases where the hindered-settling factor does depend on particle size. This includes the common power-law type hindered-settling factor in which the exponent, sometimes called Richardson-Zaki exponent, is determined individually for each species, and is a decreasing function of particle size. The importance of this paper is two-fold: it proves stability for a class of polydisperse suspensions that was not covered in previous work, and it offers a new analysis of real data.
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1. Introduction
Scope
Numerous engineering applications involve the sedimentation of small solid particles dispersed in a viscous fluid. In polydisperse suspensions, the particles belong to several species that differ in size, density, or both, and segregate and create areas of different composition. This differential movement is frequently described by spatially one-dimensional models. In most circumstances, the diameters of the particles are small compared to that of the flow duct, and the N particle species can be identified with N superimposed continuous phases, where particles of species i, associated with volume fraction / i , have size d i and density q i , and references of that paper). The relevant density difference of the MLB model [27, 28] is the density of the species under consideration minus the local (variable) density of the mixture (not that of the fluid). Performing a slightly more general calculus than Masliyah [27] , Bürger et al. [10] showed that this density difference appears as a factor if a closed-form expression of the slip velocity u i of each species is derived from simplified versions of the linear momentum balances of each species. The superiority of the MLB model was first confirmed by an experimental comparison of models by Law et al. [29] , and later by stability analyses for the case N ¼ 2 [10, 30] and then for general N [9] . These stability analyses imply for suspensions with equal-density particles that the MLB model leads to a strictly hyperbolic system of conservation laws (1.1) (the MLB model is, of course, not restricted to equal-density particles). In this class of models, strict hyperbolicity is equivalent to stability, where a system is said to settle stably if it exhibits vertically propagating concentration interfaces and gradients only, while unstable behaviour corresponds to the formation of ''fingers" and ''blobs" [31, 32] .
The MLB model is based on the following constitutive equation, where v 1i is the settling velocity of a particle of species i in pure fluid and Vð/Þ is a hindered-settling factor: u i ¼ v 1i Vð/Þ; i ¼ 1; . . . ; N:
ð1:3Þ
Particle-size-specific hindered-settling factors
The results of [9, 10] are based on using the same hindered-settling factor Vð/Þ in (1.3) for all species, which may be given by the Richardson-Zaki [11] formula where / max is a maximum solids concentration. For one particle species, the exponent n is determined by the particle size (in comparison with the vessel diameter) and the particle Reynolds number. For a polydisperse system, different particle sizes will usually produce different values of n, and in previous analyses we suggested to use the same (possibly averaged) value of n for all species. We refer to n as the hindrance exponent; the number n is also sometimes called the Richardson-Zaki exponent. This terminology becomes clear when we insert (1.4) into (1.2) for N ¼ 1; then (1.2) gives f ð/Þ ¼ uð/Þð1 À /Þ ¼ v 1 /ð1 À /Þ n (omitting the index i for N ¼ 1). As mentioned above, for models of polydisperse sedimentation, hyperbolicity of the model equations is equivalent to stability. (This issue is further discussed in Section 3). In this work, we show that using one single hindrance exponent n for all species is not necessary to ensure hyperbolicity and moreover strict hyperbolicity; rather, the hyperbolicity results of [9, 10] for suspensions with equal-density particles can be extended to a wider class of models in which we assign an individual hindered-settling factor to each species:
ð1:5Þ
This equation replaces the characteristic equation of the MLB model, (1.3). (We remark here that our analysis is based on an even more general assumption; namely, V i may depend on the vector U of indiviual concentrations, provided that
for all U and i; j; k ¼ 1; . . . ; N). Our wider class of models is based on the assumption that u i -u j for i-j holds for all U; this is satisfied, for example, if we set
which is the Stokes velocity, i.e., the settling velocity of a single particle in an unbounded fluid, and utilize
To see that (1.7) defines realistic hindered-settling factors, we recall that a well-known functional relationship expressing n (in the monodisperse case) as a function of the particle diameter d is given by [11] n ¼ nðdÞ ¼ 
where W is the diameter of the container. Here, Re 1 denotes the Reynolds number at infinite dilution À3 Pa s, corresponding to a suspension investigated in [33] . It can be recognized that for these parameters, nðdÞ is almost monotone. Since for fixed parameters q s , q f , g and l f the mapping d#Re 1 defined by (1.9) is strictly increasing, it is clear that in the general case and for d ( W, each of the second to fourth segments in the piecewise definition (1.8) represents a monotonically decreasing function of d. On the other hand, the small jumps visible in Fig. 1 at the values of d that correspond to Re 1 ¼ 0:2; 1; 200 and 500 (marked by solid vertical lines) are a consequence of the fact that the coefficients appearing in (1.8) were obtained in [11] from approximation and extrapolation of experimental data; in fact, plots of the original experimental data (e.g., [11, Table VI ; Fig. 19 ]) suggest that for given materials and a given settling column, it is reasonable to assume that nðdÞ is strictly decreasing. A very recent experimental confirmation of this trend is provided by Salinas-Salas et al. [34] .
Types of sedimentation
A type of sedimentation is the qualitative solution structure of a batch settling process and distinguishes different possibilities of sediment build-up, that is, of transitions between the sediment and the suspension at its original concentration. Type I corresponds to a sharp interface separating the sediment from the suspension, whereas types II and III present a smooth transition above the growing sediment, that is the concentration increases downwards continuously. Type II includes a jump between the initial concentration and the smooth transition towards the sediment, whereas in type III there is no such jump. Within this classification, the initial suspension-supernate interface always propagates downwards as a kinematic shock. A detailed description of precisely these types of sedimentation was given by Wallis [35, 36] . Note that both in [12] and [35, 36] , this classification is based on considering a flux plot with exactly one inflection point in the /-interval ð0; / max Þ, but which is truncated at / max such that
This flux plot yields the same modes of settling as one with two inflection points [37] . This point was made explicitly by Shannon et al. [38] and reiterated by Shannon and Tory [39] , whose Fig. 1 showed that the data in [40] are fitted closely by such a truncated plot. Figure 7 .4 of Bustos et al. [37] and the discussion on pages 119-133 of [37] illustrate the modes of sedimentation (MS) for such a plot. If sedimentation at the highest concentrations is type I (MS-1), as indicated in our Fig. 3a , then MS-4 and MS-5 must occur at lower concentrations whenever the flux plot has an inflection point. Consequently, types I, II and III correspond to the respective modes of sedimentation MS-1, MS-4 and MS-5 in the terminology of [37, 41] . (We remark that other modes of sedimentation, MS-2, MS-3, MS-6 and MS-7 [37, 41] , are only possible with flux functions having one inflection point (MS-2 and MS-3) or that have two inflection points, but where between the inflection points, a portion of the flux is strictly decreasing (MS-6 and MS-7). Thus, these modes are not possible with the flux plotted in Fig. 3a) .
For batch settling experiments with homogeneous initial data, regions in the set of initial concentrations can be identified that correspond to these types. For monodisperse suspensions, these regions can be identified geometrically by prolongation of the tangent to the flux through the point ð/; f ð/ÞÞ ¼ ð/ max ; 0Þ and the inflection point (in an f vs. / plot), which is illustrated in Section 4.1. For polydisperse suspensions, the geometrical construction is replaced by algebraic conditions [15] , where the inflection point and the tangent point correspond to the manifold of linear degeneracy and the manifold where the speed of a shock to a state with maximal concentration equals the small eigenvalue (see Section 4.2 for a graphical illustration). In a profile (x vs. / plot), different zones can be distinguished.
In this contribution, type III in the upper sediment is illustrated; moreover, concentration gradients above the bottom sediment corresponding to a generalized type III sedimentation can appear for a hypothetical example within the experimental framework. A phase-space analysis explains why there was no experimental evidence for the formation of type II and III sedimentation similar to single species settling: all experimental initial data had been taken from region I (see Fig. 6 ), which is almost unavoidable if charges of equal concentration are used in [12] (see also [28] ). Consequently, our analysis presents additional solutions to those that had been obtained in [12] . The new solutions involve continuous transitions (rarefaction waves) instead of concentration jumps in some instances. We illustrate the interfaces that typically appear during settling of a bidisperse suspension corresponding to type I and to types II and III in Fig. 2a and b , respectively.
Early experimental work
In retrospect, the first author's work [12] stood at the beginning of research on polydisperse sedimentation; more recent developments are reviewed in [22, 42, 43] . Thirty years ago, the behaviour of monodisperse suspensions was already quite well understood, thanks to the works by Kynch [25] , Richardson and Zaki [11] , Lapidus and Elgin [44] , Wallis [35, 36] , Zuber [45] , Shannon et al. [38, 40, 46] , Barnea and Mizrahi [47] , and others (see [37, 48] ). On the other hand, several authors such as Davies [49] and Phillips and Smith [50] had published measurements of interface velocities of polydisperse sedimentation, but did not advance a theory that could predict the findings. These results were predicted with some success by the model by Lockett and Al-Habbooby [13, 14] , although the general assumption of that model, namely that the settling velocity of each species depends on the total concentration / ¼ / 1 þ / 2 only and is the same as in a monodisperse suspension of the same concentration, soon turned out to be inaccurate. In this context, the first author's work [12] was among the first that also considered the build-up of sediment in bidisperse sedimentation.
Limitations and alternate treatments
Clearly, the class of spatially one-dimensional kinematic models considered herein is an approximation of real-world systems, which however is well accepted and has turned out to be useful in many applications including fluidization and classification of polydisperse suspensions [33, [51] [52] [53] [54] [55] , manufacturing of functionally graded materials [56, 57] , the settling of liquid-liquid emulsions [6, 58] , blood [59] , and material in geological applications [60, 61] , sedimentation biodetectors [62] , and applications in food engineering [63] . As mentioned above, the MLB and related kinematic models were first advanced by Kynch [25] , and his postulate of the settling velocity of a particle as a function of concentration. In [9, 10] it is shown how these models can be derived from the continuity and linear momentum balance equations of the N solids phase and the fluid phase if these N þ 1 phases are considered as superimposed continua, according to the theory of mixtures. These papers present a rigorous derivation, including an order-of-magnitude analysis that justifies neglecting viscous and inertial terms, and other effects, most notably, particle-particle contacts. The typical values on which these analyses are based are a particle size of d ¼ 10 À4 m, the settling velocity of a single particle of the largest species v 1 ¼ 10 À4 m=s, the vessel depth L ¼ 1 m, and a kinematic viscosity of m 0 ¼ 10 À6 m 2 =s (corresponding to water). The smallness of the ratio d=L ¼ 10 À4 eventually produces very small Froude and sedimentation Reynolds numbers, and provides justification for neglecting inertial (advective acceleration) terms, see [9, 10] . In any case, our formulation considers the limit case where the Péclet number is high,
which corresponds to a suspension of non-Brownian particles; in fact, the model is based on taking the limit Pe ! 1. Here, a is a characteristic length scale (i.e., a representative particle size), and D ¼ kT=ð6pl f aÞ is the particle diffusivity first derived by Einstein [64, 65] , where T is temperature and k is the Boltzmann constant. When the above condition holds, the hydrodynamic forces dominate Brownian motion in determining the suspension microstructure [66] .
A different approach to sedimentation of polydisperse suspensions, which also leads to systems of the type (1.1), is due to Batchelor [67] , who postulated that in a dilute suspension, the phase velocity v i of spheres of species i (having diameter d i ) can be approximated by the expression
where e i is the N-dimensional vector having the entries one at position i and zero otherwise, S ¼ ðS ij Þ 16i;j6N is the matrix of the so-called Batchelor coefficients, and v 1i is the Stokes velocity given by (1.6). For equal-density spheres, the entries of S depend on the diameter ratios. Numerical values of these coefficients are given for several special cases by Batchelor and Wen [68] , which represent numerical evaluations of integrals derived in [67] , i.e., the coefficients are deduced from first prin-
For example, by fitting numerical data from [68] with cubic polynomials, Davis and Gecol [69] 
013 for large and small Péclet numbers, respectively. Although setting f i ðUÞ ¼ / i v i ðUÞ, with v i ðUÞ defined by (1.10), will also produce a system of the form (1.1), the resulting equations would be of little use to describe the complete settling process since (1.10) holds in the dilute limit U ! 0 only. Attempts to modify (1.10) to give a well-defined formula for all U, but which agrees with (1.10) as U ! 0, include Davis and Gecol's formula [69] 
and the equation by Höfler and Schwarzer [70] 
Unfortunately, as was shown in [10] for the case N ¼ 2, the model resulting from utilizing (1.11) in (1.1) is hyperbolic only for equal-density spheres that differ in size by a factor of at most about five; otherwise, unrealistic ellipticity (instability) regions emerge. On the other hand, in [10] it is explicitly proved that for N ¼ 2, the model based on (1.12) is hyperbolic; it is, however, unclear whether such a result holds for general N. An extensive discussion of hindered-settling functions for monodisperse and bidisperse suspensions and a verification by means of direct numerical simulation of polydisperse systems, including the formulas by Batchelor (1.10) and Davis and Gecol (1.11), is given by Cunha et al. [66] . Batchelor's approach (1.10) is also discussed in [71] ; as is argued in that paper, any extension of Batchelor's work to higher concentrations is strictly empirical. Moreover, since these models do not permit to obtain a hyperbolicity result that is general with respect to N and the particle sizes involved, they will not be selected for study herein.
Clearly, the kinematic model (1.1) is not appropriate in situations where the three-dimensional motion of individual particles is of interest. This is likely to occur with particles that are considerably larger (compared with the vertical settling distance) than expressed by the ratio d=L ¼ 10 À4 , on which our model is based. Of course, numerous contributions advance more complete models, which allow to track individual particles and consider additional effects such as variability of particle velocities and the related aspect of hydrodynamic diffusion. Furthermore, such models include unsteady forces such as the virtual mass force, which is associated to the inertia of the fluid surrounding a particle, and the Basset force, which is a ''memory-like" force that couples the history of acceleration of the particle with the viscosity of the fluid. These forces are introduced, and their importance is discussed in monographs such as those by Ungarish [72] , Drew and Passman [73] and Brennen [74] . Their relative importance for the motion of one single particle is calculated analytically and numerically by Sobral et al. [75] . However, in our class of models it is assumed that flows are not accelerating, advective acceleration terms are neglected, and these transient forces are neglected. On the other hand, in our case the Stokes number St $ Re 1 q s =q f is not zero. This quantity corresponds to particle relaxation time (see e.g. [72] ), that is, to the time it takes until a particle assumes a steady velocity. Nevertheless, this time is small compared to the total time of simulation we are interested in, which again is a consequence of the smallness of the ratio of particle size to vessel depth. Furthermore, Section 7.4 of [9] provides a detailed justification for the basic assumption of the MLB model, namely that v i ðUÞ is the velocity of every particle of species i at that concentration. We briefly summarize this discussion here. In fact, it has long been recognized that identical spheres at the same concentrations can have very different velocities, see e.g. [76] for early references. Advanced methods to follow the paths of individual particles, and thereby to determine their velocities, include the works by Segrè et al. [77] , Guazzelli and colleagues [78] [79] [80] , and Cunha and collaborators [66, 75, 81, 82] . The first of three methods to introduce this variability into a model was the three-parameter Markov model [83] , which used the variance and autocorrelation of velocity (besides the mean) as additional parameters. The model by Ham and Homsy [84] , developed a decade later, combined the variance and autocorrelation in a coefficient of self-induced hydrodynamic diffusion. (See also, e.g., [85] for historical perspective, and more references). In both models, parameters must be determined experimentally or computationally, and velocity fluctuations appear to depend on wall effects, density stratification, distant and local values of U, and according to some studies on container size (see [9, Section 7.4] for further references). Since the hydrodynamic diffusion coefficient varies with U and rU, the diffusion model becomes very complicated. This model and the Markov model require data that are currently lacking. The third method consists in applying one of several numerical techniques that solve a specific case, but at considerable computational effort [66, 86] . In this work, we are interested in the overall behaviour of a suspension of particles that are small compared with the vessel diameter and depth. This behaviour is determined by the mean velocity and does not require the trajectories of individual spheres. Simulations (see e.g. [23, 87] ) show that the principal effect hydrodynamic diffusion is a blurring of the interfaces, which, however, remain fairly sharp in many cases and due to self-sharpening [88, 89] , approximate discontinuities. As is argued in [9] , the omission of hydrodynamic diffusion terms from the MLB model, and the applications we are interested in, is justified by practical limitations, theoretical considerations, computational comparisons, and experimental results.
Outline of the paper
Section 2 provides the final form of the fluxes f 1 ðUÞ; . . . ; f N ðUÞ for the polydisperse sedimentation model. In Section 3, the discriminant, that is, the algebraic expression whose sign decides the type of (1.1), for a bidisperse system with different Richardson-Zaki hindrance factors is shown to be positive in the interior of the phase space, so that (1.1) is hyperbolic there. Then it is outlined how a global solution structure can be obtained which can also describe sedimentation not only of type I. A global solution proceeds beyond the collision of the lower zone boundary with the sediment boundary.
In Section 4, experimental findings are compared with theoretical predictions. Therefore, the second part of [12] is revisited. First, in Section 4.1, we describe the experiments that were carried out to study the settling behavior of each fraction in a bidisperse suspension. Then, in Section 4.2, the solution structure for the batch sedimentation of a bidisperse suspension under type I sedimentation is characterized. Finally, the theoretical predictions are compared with the experimental results. In the phase space of concentrations all experimental initial data are located in the region corresponding to type I settling, which corresponds to a sharp interface at the bottom sediment. The global theoretical solution for one experimental setting is displayed where type III in the upper sediment appears. For initial concentrations from region III in phase space, which are hypothetical in that experiments for them were not actually conducted in [12] , the global theoretical solution with type III for the bottom sediment is displayed.
In Section 5, we demonstrate that the model of polydisperse sedimentation is strictly hyperbolic even if each species has a specific hindered-settling factor, provided that the slip velocities are pairwise different. This condition is satisfied, for example, if the slip velocities u 1 ; . . . ; u N are chosen according to (1.5)-(1.7), and n i ¼ nðd i Þ, where n is a monotonically decreasing function of d.
In Section 6, a crossing criterion is identified, which decides whether a system is strictly hyperbolic or not. This crossing criterion counts the number of intersections of the scalar projections of the flux function. If there is only one intersection, strict hyperbolicity still holds. If for some concentration vector there are several intersections, then there is a multiple eigenvalue. The section concludes with a numerical example obtained by a finite difference scheme. Conclusions of our analysis are collected in Section 7.
Batch sedimentation models for polydisperse suspensions
For a spatially one-dimensional description of a batch sedimenting system, there is no net flow across any horizontal cross section, since no fluid or solids enter or leave the system. Therefore, the total flux
vanishes at all depths, q ¼ 0. According to [13, 14] , in a bidisperse mixture (N ¼ 2), u 1 and u 2 can be expressed as functions of the total solids concentration /, and the particular functional relationship is the same as that obtained separately for each species when only one species is present. These assumptions are still valid within the MLB model if we consider the special case of equal-density particles, as is done here. To express the flux / i v i in terms of u 1 ; . . . ; u N , we use (2.1) and q ¼ 0 to derive
ð2:2Þ
The terminal velocity v 1i and the exponent n i may be determined from measurements of settling velocities at different initial concentrations, as obtained for batch sedimentation of a single species. Combining (1.2) and (1.5), we obtain the governing system of conservation laws (1.1), where
ð2:3Þ
For simplicity, we define the model (1.1) and (2.3) for concentration vectors U 2 D / max , where
is the phase space of physically relevant concentrations, assuming that dense packing occurs when / ¼ / max . In general, the sediment composition depends on the particle size distribution [18] . T is given by
for U 2 D / max , and f 1 ðUÞ ¼ f 2 ðUÞ ¼ 0 otherwise.
3. Stability, hyperbolicity, and construction of exact solutions
Stability
In [10] it was shown that loss of hyperbolicity, that is, the occurrence of complex eigenvalues of J f ðUÞ ¼ ðJ ij ðUÞÞ, is an instability criterion for polydisperse suspensions for arbitrary N. For N ¼ 2, this criterion is equivalent to the one by Batchelor and Janse van Rensburg [31] . It is based on evaluating the discriminant at vectors U with DðUÞ < 0, the system (1.1) is unstable (elliptic). In [10, 30] , instability regions for N ¼ 2; 3 and different choices of f ðUÞ are determined, while in [9] it is proved that for equal-density particles (
, arbitrary N and d i -d j for i-j, the system (1.1) with the flux vector f ðUÞ given by the MLB model, i.e., (1.3), (1.4) and (1.6), is strictly hyperbolic for all U 2 D 1 with / 1 > 0; . . . ; / N > 0 and / < 1. Biesheuvel et al. [30] describe the consequences of lack of stability, which include the formation of blobs and ''fingers" in bidisperse sedimentation, increased sedimentation rates, decreased separation quality of hydraulic classifiers, and nonhomogeneous sediments in material manufacturing by suspension processing. These phenomena have indeed been observed in experiments (e.g., in [32] ) under the circumstances predicted by the instability criterion. On the other hand, strict hyperbolicity, and thus stability for equal-density spheres agrees with experimental evidence, since instabilities have only been observed with particles of different densities [32] . For one-dimensional kinematic models, lack of stability sometimes predicts anomalous solutions, for example, heavy and buoyant particles block each other within the vessel [90] , or continuously varying steady-state sediment compositions [16] .
The strict hyperbolicity result of [10] refers to N ¼ 2 and a hindered-settling factor given by (1.7) with identical exponents n 1 ¼ n 2 . In [10] it is proved algebraically that DðUÞ P 0 for U 2 D 1 . In fact, this is still valid for the flux (2.5) with different exponents n 1 -n 2 , since a straightforward calculation yields that
which we can rewrite as a square plus a nonnegative term as follows:
Inside D 1 , we always have DðUÞ > 0, indicating strict hyperbolicity of (1.1), whereas
, there may be an umbilical point U u , that is, a point at which the eigenvalues of J f ðU u Þ coincide, and therefore DðU u Þ ¼ 0. In Theorem 6.1, we will employ a different argument to show that under a certain condition strict hyperbolicity also holds for arbitrary N.
Hyperbolicity and construction of exact solution
A nonconstant hindered-settling factor, where V 0 i ð/ÞX0, leads to a nonquadratic and usually nongenuinely nonlinear flux function f , which requires special care when finding solutions to initial value problems. For any jump between U L and U R , which necessarily must satisfy the Rankine-Hugoniot jump condition
where rðU L ; U R Þ is the jump propagation speed, the Liu entropy condition [91] has to be satisfied. This condition requires that rðU L ; U R Þ 6 rðU L ; UÞ ð3:2Þ
for all U on the Hugoniot locus (i.e., the set of states U satisfying the jump condition for a given state U L and U R ¼ U) between U L and U R [15, 16] . The Liu entropy condition generalizes the Lax entropy condition, which applies to genuinely nonlinear flux functions and thus requires only inspection of the eigenvalues at U L and U R . (We here recall that a flux function f is called genuinely nonlinear or convex if for all i ¼ 1; . . . ; N and all arguments U, the eigenvalue k i ¼ k i ðUÞ and the corresponding eigenvector r i ¼ r i ðUÞ of J f ðUÞ satisfy r i Á rk i -0).
For suspensions, the lack of genuine nonlinearity of the flux can lead to a centered rarefaction wave originating from the bottom. This centered rarefaction wave can be interpreted as a ''supersediment", which consists of a transient layer built above the sediment during settling. Fig. 2 gives a schematic description, while Fig. 7 in Section 4.2 illustrates a global solution in the present experimental framework. There the initial value problem describing a batch settling process is solved by iteratively solving a Riemann problem (initial condition with one jump between a constant left state U L and right state U R ), which is solved by the concatenation of shocks (entropy-satisfying jumps) and rarefaction waves (integral curves on the eigenvector fields of J f ). If a rarefaction wave is discretized by a fan of piecewise constant states, separated by fronts, then new Riemann problems emerge at the collision of fronts. This solution strategy is developed for batch settling processes of bidisperse suspensions in [15, 16] . There, the initial value problem describing the batch settling process is solved by an algebraic treatment, which generalizes the graphical treatment (see e.g. [35, 37] ) for scalar equations, and in particular includes the generalizations of sedimentation types II and III, where a concentration gradient at the rising sediment can be observed. The solution of initial value problems can be done on a solid basis if a system (1.1) is known to be strictly hyperbolic.
Review of experimental findings

Batch sedimentation experiments for a bidisperse suspension
In [12] (see also [28] ), the first author describes experiments with a bidisperse suspension of glass ballotini in a settling column of internal diameter 3.3 cm and an overall length of about 33 cm. The species (see Table 1 ) had different colors so that the different boundaries could be clearly seen. The density of the fluid, liquid paraffin, was 0:887 g=cm 3 . Concentrations were determined by weighing the appropriate amount of solids, since the volume of the column was known. Single-species sedimentation data provided the velocities v 11 and v 12 and the exponents n 1 and n 2 . The settling rate for the monodisperse suspension was determined for different concentrations by timing the fall of the suspension-clear liquid interface at six or more different times.
The settling velocity of each species as a function of concentration (in the monodisperse case) can be determined from the initial settling rate. To obtain values of v 1i , in (1.6), and n i , i ¼ 1; 2, in (1.7), the settling velocity and the voidage were plotted both on a logarithmic scale. The best fit of a straight line passing through the experimental points led to the respective single-species flux relations The bidisperse suspensions had the initial composition U 0 ¼ ð/=2; /=2Þ T . In the bidisperse case, the settling rates of two interfaces were determined; boundary 1 between the mixed zone and the monodisperse zone and boundary 2 between the latter and the clear liquid. Once again, at least six consistent determinations of the settling rate were made for each concentration. The heights at the end of the settling of the mixed zone and the final height were also noted. A quick method of classifying the degree of hindered-settling of any suspension is given by the classification diagram, Fig. 3 . Settling time increases as the intervals corresponding to types II and III widen.
One reviewer of this paper pointed out that Fig. 3b implies that only type I (MS-1) sedimentation can occur when the value of n is small, i.e. when Re 1 is large. This point was made by Tory [92] for suspensions of rigid spheres governed by the Richardson-Zaki equation. According to Kos [93] , this phenomenon has been observed in practice.
Consider now the experimental series with U ¼ ð/=2; /=2Þ T . For / ¼ 0:1 and / ¼ 0:3, the theoretical settling history is compared with the measurements in Fig. 4 ; see [12, 28] 
Algebraic solution of initial value problem
In [12] , the algebraic solution of the settling of a bidisperse suspension was based on the assumption that the composition of the suspension is piecewise constant, where areas of constancy are separated by discontinuities that travel with constant speed (but possibly intersect). This approach formed the basis of several subsequent analyses, including [17, 18, [94] [95] [96] [97] . We briefly review here the principle of construction of this approach.
Consider an initially homogeneous bidisperse suspension with particles of sizes d 1 > d 2 and of the same density, q 1 ¼ q 2 , an assumption that is approximately satisfied by the material used in [12] (see our Table 1 ). The initial concentrations are U 0 :¼ ð/ 11 ; / 12 Þ T . Thus, the initial total concentration is / ¼ / 11 þ / 12 . The double subscript convention is used to identify different species in different zones. The first subscript refers to the zone (in this case, the initial mixed zone 1). The second subscript refers to the species where 1 indicates the large species. Immediately settling begins, the largest species 1, which has the greater settling velocity, will move downwards leaving behind it zone 2 from which it is absent. This is illustrated in Fig. 2a . Below the zone boundary (boundary 1) formed by the descending uppermost layer of large particles, settling continues at the initial concentrations and velocities. Above the zone 1 boundary, small species 2 settle with changed concentration / 22 and velocity v 22 . Thus, two boundaries are formed; boundary 1 between zone 1 and zone 2, another boundary 2 between zone 2 and the clear liquid. The velocity of the boundary is determined by the velocity of the largest particle in the zone below it. Hence v 11 and v 22 will be the velocities of boundaries 1 and 2, respectively. For N ¼ 2, the unknowns v 11 , / 22 , v 22 can be calculated subsequently, by evaluating the jump condition (3.1) for the respective jumps ðU L ¼ U À ; U R ¼ U þ Þ 2 fðU 2 ; ð0; 0ÞÞ; ðU 1 ; U 2 Þg and the knowledge of U 1 ¼ ð/ 11 ; / 12 Þ. In this case, the number of scalar jump conditions for boundaries 1 and 2 coincides with that of the unknowns. A similar procedure can be applied to the upwards-propagating sediment-suspension interface. In the simplest case, there is just one interface separating the sediment from the suspension at initial composition, and the version of (3.1) that applies to this interface produces two scalar equations that allow us to determine the sediment composition U 1 ¼ ð/ 11 ; / 12 Þ if we take into account that / 11 þ / 12 ¼ / max and that the concentration above the sediment level is the given initial composition U 0 , and the sediment propagation velocity s 1 . Once the sediment level meets boundary 1, we perform a similar calculation for the sediment layer located above the previously formed sediment, and take into account that ð/ 21 ; / 22 Þ T is the composition above sediment level. This yields a new kinematic shock propagating at velocity s 2 . Finally, if the second kinematic shock meets boundary 2, a stationary sediment-clear liquid interface is formed, and the settling is complete. Some results of this calculation are presented in Table 2 . This kinematic shock construction can be extended to the settling of a polydisperse suspension [17] , and was applied to experimental data in [18] . Trying to construct a global solution for a nonscalar equation with the graphical tools of scalar flux plot leads to several difficulties encountered in defining and solving this problem. Preliminary attempts in [12] failed to produce a sound theory. Since also the experimental results seemed to show type I only, no further theoretical justification was provided. On the other hand, it was speculated that with highly hindered-settling particles, there could be a possibility of forming different concentration zones, and that it could be worthwhile to spend some effort to resolve this problem if the experimental results showed such a behaviour.
In Section 1.3, we already mentioned that the algebraic method of constructing piecewise constant solutions outlined here may produce inadmissible (entropy-violating) solutions [15, 16] . One reviewer of this paper pointed out that this approach is also criticized by Bargieł et al. [98] as follows: ''Though one can sometimes follow the evolution of U by measuring the rise of discontinuities and using [the jump condition] to calculate the concentrations in the upper levels, this method is unsatisfactory for two reasons. First, a method should automatically determine the positions of discontinuities. Second, the propagation of concentration gradients in the lower region may change the concentration at the top of that region, thereby invalidating the calculation of the concentrations in the upper levels".
The strategy which is proposed in the present work is vice versa: it is argued that nonuniform (continuously varying) concentrations can appear in the chosen formulation of the initial-value problem. Moreover, by means of the constructed global solution it is shown for which initial concentrations it is of interest to perform additional experiments to validate (or falsify) the physical model equation (Fig. 6 ).
Pointwise strict hyperbolicity at noncrossing hindered-settling factors
A closed algebraic expression for the characteristic polynomial Pðk; UÞ :¼ detðJ f ðUÞ À kIÞ of the Jacobian J f ðUÞ of the flux (2.3) can be derived by writing
where for which is satisfied for hindered-settling factors that depend on the total concentration, V i ðUÞ ¼ V i ð/Þ. Thus, the characteristic polynomial can be written as
For row and column manipulation in the derivation of a closed formula for Pðk; UÞ, we use that is satisfied, then the characteristic polynomial satisfies
Proof. We define
Using that v m À k ¼ u m À uðkÞ, inserting the definition of v mm and eliminating the term u N due to the symmetry of the double sum one gets
This expression can be rewritten as
ðu n À uðkÞÞ: ð5:10Þ
For k ¼ v k ; the first product vanishes, and in the first sum only the summand with m ¼ k and in the second sum only the summands with m ¼ k or l ¼ k do not vanish. To synchronize the products, we set
which is well defined due to (5.6). In the sequel, we abbreviate a jk ¼ a jk ð/Þ. Inserting v k into (5.10) yields
Multiplying the definition (5.11) of a jk by / j and summing over j gives Proof. In light of (5.14), (5.7), and the ordering u 1 > u 2 > Á Á Á > u N , we have
NÀkþ1 :
Consequently, it has been shown that . It remains to derive the lower bound k 1 < k N . In the curled bracket of (5.9) we identify positive and negative terms in the numerators of the fractions:
We now identify an algebraic expressionũ ¼ uðkÞ that ensures that factor is positive. To this end, we neglect the positive terms in the numerators and then use for the now negative fractions that
for u m > 0. A multiplication byũ 2 gives
which is certainly satisfied if we useũ ¼ ðu 0 À uÞ T U. Now, substitutingũ for uðkÞ in (5.8), we obtain . This is in particular valid when the fluxes are chosen as (1.5), (1.7), (2.3), and the following orderings hold:
It is shown in the next section that the order condition (5.21) is not sharp to obtain strict hyperbolicity, i.e., strict hyperbolicity still holds if some of the u i 's are equal, in a sense made precise below. lower estimate like À3u or À4u cannot be backed by numerical tests. The dash-dotted line corresponds to the negative spectral radius Àmax i jk i j, which however is not a valid lower estimate, as can be seen in the plot. We use different vectors of exponents n ¼ ðn 1 ; . . . ; n N Þ.
Illustration of the eigenvalue analysis
Numerical example
In Fig. 9 , we show two numerical solutions of the settling of a tridisperse suspension obtained by the Kurganov-Tadmor scheme [19] , which was applied to polydisperse sedimentation models in several previous papers including [9, 22] Fig. 9a shows the numerical result corresponding to setting n 1 ¼ n 2 ¼ n 3 ¼ 4, while in Fig. 9b we utilize the values n 1 ¼ 3:62, n 2 ¼ 4 and n 3 ¼ 4:38 that correspond to different particle sizes, marked as dashed vertical lines in Fig. 1 . Roughly speaking, the use of variable hindrance exponents (as in Fig. 9b ) has as a consequence a greater variability of the settling and interface velocity in the ''fan" of kinematic shocks separating the suspension from the supernatant liquid. In Fig. 10 profiles for both choices of exponents are shown at different times.
Concluding remark
We emphasize again that the findings of Sections 5 and 6 are valid for all explicit systems of slip velocities of the form (1.5) that satisfy (5.21), or for example the (milder) single crossing condition required in Theorem 6.1. We view models of polydisperse suspensions that involve the Richardson-Zaki expression (1.4) as the most important application of our hyperbolicity analysis; as was discussed in Section 1.5, the required ordering of the slip velocities can be verified easily if the hindered-settling factors V i ð/Þ, i ¼ 1; . . . ; N satisfy (1.7). However, our analysis is not limited to that particular algebraic form; rather, other parametric particle-size-specific hindered-settling factors V i ¼ V i ð/Þ can also be handled by our analysis, provided that the corresponding slip velocities (1.5) satisfy, for instance, (5.21).
Conclusions
Through a series of papers [9, 10, 30, 31] written by several groups of authors, it has been established that the MLB model for equal-density particles (1.1)-(1.4), (1.6) has a favourable hyperbolicity (stability) property, in the sense that the model always predicts stable settling of a suspension in agreement with abundant experimental information. It is basically this global stability property for which the MLB model (or equivalent models that are possibly termed differently) has become the model of choice in applications of polydisperse sedimentation [24, 33, 62, 71, 99, 100] . This model gives rise to system of firstorder conservation laws. As is well known, and has been documented by numerical examples presented herein and elsewhere, such equations possess solutions that are discontinuous in general. Clearly, the initial supernate-suspension interface produces a shock even if particle velocities were constant, and f ðUÞ was linear. However, since f ðUÞ is in general nonlinear, discontinuities may even emerge from regions where U is varying smoothly. If (1.1) is hyperbolic, and it has been the main purpose of this paper to elaborate under which conditions this property is valid, then results of the analysis hyperbolic conservation laws [91] can be applied. In particular, as is explained in Section 3.2, an entropy condition (the Liu entropy condition) must be satisfied besides the usual Rankine-Hugoniot condition so that a discontinuity between two states U À and U þ is admissible (in this case, it is called a shock). Unfortunately, due to the nonlinearity of f ðUÞ, satisfaction of the entropy condition cannot be verified by evaluating an easy-to-calculate physical parameter; for details, see e.g. [15, 16] .
On the other hand, in several papers the accuracy of prediction of several polydisperse sedimentation models [29, 42, 43, 101 ] is compared on the basis of experimental results, mostly of measurements of the settling velocities of interfaces. It turns out that although settling velocities predicted by the MLB agree well with experiments, the MLB model is sometimes outperformed by algebraically more complicated models, such as the model by Patwardhan and Tien [102] , which may be understood as a modification of the MLB model, and in particular involves a different hindered-settling factor for each species (but which is defined differently from the hindered-settling factors studied herein).
In order to assess the soundness of a particular polydisperse sedimentation model, it is therefore desirable to make the effort to prove that models that accurately predict observed settling velocities, which are possibly more involved than the MLB model, are hyperbolic. The present paper shows one possibility to extend the MLB model (by introducing hindered-settling factors that are variable in a sense) in such a way that hyperbolicity is maintained. At present, however, the analysis is based on assuming that the hindered-settling factor V i is a function of the cumulative solids concentration /; the hyperbolicity analysis is not valid (at least not in general) for a vector-dependent hindered-settling factor V i ðUÞ. However, advances in this direction can be possibly achieved by following a recent paper by Donat and Mulet [103] , who provide a systematic method to prove hyperbolicity, and possibly diagonalizability of the corresponding Jacobians for general kinematic flow models.
The MLB model and its variant studied herein provide explicit settling velocities of spheres of all species as functions of the local composition Uðx; tÞ. In our approach, this provides the fluxes for the system of conservation Eq. (1.1). Alternatively, it is possible to use the same velocities within a particle-based approach [85, 98, [104] [105] [106] [107] to calculate trajectories of individual spheres. The present model certainly provides an interesting test case for comparison of that approach with our ''PDEbased" model.
